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An upper bound approach to plain-strain deformation of 
a rigid, perfectly plastic material has been performed to 
indicate the process conditions which might produce a side 
surface crack on the workpiece. In the analysis, 
kinematically admissible velocity fields are assumed for 
both sound and defect flow pattern and analyzed by the upper 
approach.
The externally-supplied power has been determined as a 
function of geometry, friction and a material bonding 
parameter. The criteria curves for crack prevention show 
that an increase in the ratio of width of the workpiece to 
that of the ram, a decrease in the ratio of the thickness of 
workpiece to the width of the ram, a decrease in the 
friction factor and a decrease in the bonding parameter 
enhance the formation of the side surface crack.
The process is also analyzed by the finite element 
method (FEM) using NIKE2D. The trends for the side surface 
crack obtained in FEM analysis show good agreement with 
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A = dimensionless function
B = dimensionless function
C = dimensionless function
D = dimensionless function
F = dimensionless function
E = Young's modulus
J* = upper bound on forming power 
k = shear yield strength
H = initial thickness of workpiece
m = constant friction factor
mf = bonding parameter
Pave = average ram pressure
s = surface
Sri = surface of velocity discontinuity
T = thickness of deformed workpiece
Tj = external traction
U = velocity of ram
Ux = x component of velocity
Uy = y component of velocity




Av = tangential velocity difference
% = internal power of deformation
fts = internal shear power losses
wf = frictional power losses
= ram width
x0 = workpiece width
Z = axial position as a function of x
a = slope of r2 surface
S = crack length (a pseudo-independent parameter)
€ = pseudo-independent parameter for sound flow
£ij = strain rates
= yield strength in uniaxial tension
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In all metal forming operations, an understanding of 
the flow behavior of the workpiece material under processing 
conditions is necessary in order to exploit the full 
potential of the process. This understanding is often 
obtained by modeling methods. These models include a 
synthesis of information which describes the workpiece 
material and its properties, characterizes tooling-workpiece 
interface and simulates the plastic deformation in the 
particular process of interest.
The workpiece material descriptions include the flow 
stress as a function of strain, strain rate and temperature, 
the workability of the material and the effect of processing 
conditions on the final properties of workpiece. Frictional 
and heat transfer properties are the main components of the 
interface characteristics. The plastic deformation model 
allows metal flow and forming loads to be determined through 
the use of mathematical techniques such as upper bound or 
finite element methods (1) .
The main objectives of a modeling effort are to reduce 
the time for die design, to improve the quality of the 
products and to make the process economically more feasible 
by minimizing the trial and error methods for process
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design. Thus, the main expectations from a model are that 
it should be able to supply correct information concerning 
the processing parameters. The results of a model should be 
easily accessible, less costly or more complete than that 
can be obtained by laboratory experiments or plant tests.
Integration of the material description, interface 
characterization and the deformation model results in a 
system from which information on metal flow, defect 
formation and development and loading conditions can be 
derived. Often these models contain several simplifying 
assumptions since mathematically exact solutions for metal 
forming problems are very difficult. Extremum principles 
are sometimes used to develop solutions for specific metal 
forming problems. The limit theorems (2,3) are derived 
from the extremum principles. These theorems form the basis 
for the upper bound and the lower bound methods of solving 
plasticity problems. The actual required power for 
deformation is always less than the power predicted by the 
upper bound and always greater than the power predicted by 
the lower bound. The upper bound solution is based on an 
assumed kinematically admissible velocity field whereas the 
lower bound solution is based on an assumed statically 
admissible stress field. The exact solution is located 
between these limiting values. The stress-based lower bound
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solution is usually considerably more difficult to develop, 
hence the upper bound technique is the limit approach more 
often used for the analysis of metal forming processes.
Since the upper bound analysis uses a kinematically 
admissible velocity field, the velocity boundary conditions 
and incompressibility must be satisfied by the assumed 
velocity field. To determine the total required power for 
deformation process, the internal power of deformation over 
the volume of the deforming body, shear power losses over 
the surfaces of velocity discontinuity and frictional powers 
at the boundary between the tool and workpiece are computed 
and summed.
Upper bound solutions can provide information about the 
effect of each individual process parameter on the loads 
required for the actual deformation process. The upper 
bound method coupled with principle of minimum energy can be 
used to indicate process conditions which might produce a 
defect during the metal forming operations (4). Defect 
formation which occurs during metal deformation, is produced 
because the flow associated with defect formation is 
energetically more favorable under the given conditions than 
sound flow. The prediction of defect formation is a matter 
of establishing under what conditions the energy for defect 
formation is less than that of sound flow.
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This study investigates an upper bound approach to the 
problem of process-induced side surface cracks in plain- 
strain deformation of a rigid, perfectly plastic material. 
The plain-strain process examined in this study is 
schematically shown in Figure 1. The workpiece begins as a 
rectangular prism with the dimensions of H (height), xQ 
(width), 1 (length). The upper ram moves downward with a 
velocity of U/2, and the lower ram moves upward with a 
velocity of U/2. The material in the inner part of the 
rectangular prism flows outward and then moves upward or 
downward through the side gap between the ram and the 
chamber. The cracking which can occur at the side surface 
of the workpiece is the main interest in this study.
Okamota et al. (5) have classified the types of cracks 
that can develop under various processing conditions. Their 
classification of cracks is shown in Figure 2. The /Lt-crack 
described as a peripheral cracking that occurs at mid-height 
on the side surface of the specimen in forward and backward 
piercing (see Figure 2) is examined in this present study.
The primary objective of this work is to determine the 
process conditions that would promote this type of surface 
cracking. For this reason, kinematically admissible 
velocity fields for both sound flow and defect flow are 
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Figure 2. Classification of cracks for various coldworking 
process (Greek letters indicate type of cracking) (5 ).
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extra power term which accounts for the power dissipated 
during crack formation has been added to the upper bound for 
defective flow. From the principle of minimum energy, 
criteria curves for the prevention of side surface crack 
formation have been determined.
This plain-strain forging process is further analyzed 
by the finite element method (FEM) to confirm the upper 
bound analysis. For the FEM analysis, NIKE2D, an implicit 
finite deformation FEM program, is used. Surface cracks 
obtained in the FEM analysis of two half thicknesses for the 
workpiece have shown good agreement with the trends 
developed by the upper bound analysis.
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2. BACKGROUND
2.1 THE UPPER BOUND THEOREM
In metal forming operations, it is of interest to 
predict the force that will cause the body to deform 
plastically to produce the desired shape change. The 
calculation of the exact load which causes plastic 
deformation for metals is very difficult. Exact solutions 
which can be used to determine this required load must 
satisfy both stress equilibrium equations and the 
geometrically self-consistent flow pattern everywhere 
throughout the deforming body and on its surface. A variety 
of simplifying models may be used to analyze this situation. 
One of these methods is limit analysis which permits force 
calculations which provide values that are known to be 
either lower or higher than the actual forces. The upper 
and lower bound analyses are designed so that the actual 
power or forming pressure requirement is less than that 
predicted by upper bound and greater than that predicted by 
the lower bound (6,7).
The upper bound analysis predicts a power that is at 
least equal to or greater than the exact power needed to 
cause plastic deformation during a metal forming process.
The total required power is the sum of the individual power
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requirements. These power requirements are the internal 
power of deformation and the power to overcome internal 
shear and friction losses. In some cases it is also 
necessary to account for power losses or gains due to 
external traction which may be applied. Since the stress- 
strain relationship for real materials are often very 
complex and not fully known, a simplified version of 
material behavior is normally used in upper bound studies.
A rigid, perfectly plastic Mises material behavior is often 
assumed (8).
The upper bound theorem may be stated as follows: "Any 
estimate of the collapse load of a structure made by 
equating the internal rate of energy dissipation to the rate 
at which external forces do work in some assumed pattern of 
deformation will be greater than or equal to the correct 
load" (7).
The basis of an upper bound analysis is:
1. An internal flow field is assumed. This field must 
account for the required shape change and obey volume 
constancy requirements. As such, the field must be 
geometrically self-consistent.
2. The energy consumed internally in this deformation field 
is calculated using the appropriate strength properties 
of the work material.
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3. The external forces or stress are calculated by equating 
the external work with the internal energy consumption.
Although the description of the upper bound approach as 
an application of limit analysis was first utilized by 
Johnson and Kudo (9) for plain strain and axisymmetric 
problems and by Avitzur for various extrusion problems (8), 
the original statements of the upper bound solution was 
formulated by Prager and Hodge (2). The statement of the 
upper bound theorem by Prager and Hodge (2) is that "among 
all kinematically admissible strain rate fields, the actual 
one minimizes the following expression:
where
J* is the upper bound on power 
k is the Mises yield criterion constant 
is strain rate component 
V is the volume of deforming zone 
Tj is an external traction 
Vj is the normal velocity of the traction 
ST is the surface over which the traction is exerted 
For a perfectly plastic material which obeys the Mises 
stress-strain rate relationship, the yield criterion
(1)
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produces the relationship that k=a0/VT where aQ is the 
uniaxial yield strength of the material. With this 
relationship, Eq. (1) becomes
J (2)
in which the first term on the right-hand side reflects the 
power of internal deformation and the second term represents 
the power required to overcome or gained by the external 
traction, Tj.
To use the upper bound approach for metal forming 
operations, the concept of surfaces of velocity 
discontinuity to account for shear power losses within the 
deforming material and friction power losses between the 
workpiece and the tool need to be added to the externally 
supplied power. This modification was applied by Druker et 
al. (10). Consequently, the upper bound equation becomes,
f t |Av|ds+f Tf I Av| ds - f TjVjds (3) 
JSr, JSr2 JST
where ts is internal shear stress,
t { is the frictional stress
sn is a surface of velocity discontinuity 
within the deforming workpiece, and
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Sp2 is a surface between the tool and workpiece 
where friction is presented.
The first term in Eq. (3) is the internal power of 
deformation . The second term is the power
dissipated by any internal shearing of the workpiece (ftshear) . 
The third term is the power loss due to the friction between 
die and workpiece (ftfrictioo) . The last term is the power needed 
to overcome any external body traction.
The mechanics of friction are complex. The 
fundamentals of this phenomenon have been extensively 
studied, yet very little that is known would facilitate the 
formulation of an exact mathematical relationship between t  
and the other process variables. In the deformation of 
metals, when one body is fully plastic, the assumption of a 
constant shear stress, irrespective of pressure between die 
and material, is often made. This leads to
The friction factor m is assumed to be a constant for a 
given die and material under constant surface and 
temperature conditions (3). The value of m varies from 0.0 
for frictionless condition to 1.0 for sticking friction.
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In applying the upper bound technique to metalworking 
operations, several simplifying assumptions are invoked (7):
1. The work material is isotropic and homogeneous.
2. The effects of strain hardening and strain rate on flow 
stress are negligible.
3. Either frictionless or constant shear stress conditions 
prevail at the tool workpiece interface.
4. Most of the cases considered will be those where the flow 
is two dimensional, with all deformation occurring by 
shear on a few discrete planes. Elsewhere the material 
is considered to be rigid.
If shear is assumed to occur on intersecting planes 
that are not orthogonal these planes cannot, in realty, be 
planes of maximum shear stress. Many such fields can be 
posed and the closer such a field is to the true flow field, 
the closer the upper bound prediction approaches the exact 
solution.
To analyze a metal flow process with the upper bound 
method, it is also necessary to perform the following steps
(3,11).
1. Assume a velocity field which satisfies the conditions of 
incompressibility and the velocity boundary conditions.
2. Calculate the energy rates for deformation (i.e. the 
internal deformation power, frictional power losses,
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internal shear power losses, etc.)*
3. Calculate the total energy rate (J*) .
4. Assume another velocity field and see if it produces a 
lower J*.
This process repeats until the lowest J* is determined. 
The deformation load for the process is then obtained by 
dividing the total energy rate by the normal velocity of the 
tooling. The total energy rate J* can be expressed as
J* = Wĵ maj + Wshcar + Wfriction (5)
= Load * Die velocity
The upper bound method is based on the limit theorem 
stating that the power dissipated by the boundary forces at 
their prescribed velocities is always less than or equal to 
the power dissipated by the same forces under any other 
kinematically acceptable velocity field. In other words, 
the lower the upper bound load is, the better the prediction 
is.
Upper bound analysis allows kinematically admissible 
velocity fields to be set up as a function of an unknown 
parameter in order to examine a large number of flow fields 
at the same time. Then, power dissipation is minimized with 
respect to the unknown parameter to yield a reasonable 
estimate of load. Despite the fact that this unknown 
parameter is considered as an independent variable
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initially, a unique value for a given processing condition 
is eventually determined by the principle of minimum energy, 
hence it is not truly independent. Because of the dual 
characteristics of independency and dependency, this 
variable can be classified as a pseudo-independent 
parameter. Usually, the flow pattern considered includes 
one or more pseudo-independent parameters that are 
determined by minimizing the total energy rate, with respect 
to such parameters. When such parameters are used, better 
upper bound velocity fields and solutions are obtained
(8,11). Normally, with an increasing number of pseudo­
independent parameters in the flow pattern, the solution 
improves but the calculations become more complicated. A 
description of the use of a pseudo-independent parameter to 
determine defect formation is given in the next section. In 
the practical use of the upper bound method, compromises 
often need to be made in the selection of a flow pattern.
T-4154 16
2.2 DEFECT FORMATION PREDICTION BY THE UPPER BOUND ANALYSIS 
The workability of metals is a complex concept that 
depends on not only the fracture resistance of materials but 
also on the specific details of the deformation process. 
Thus, the workability of the material frequently decides 
whether or not failure will occur in the deforming 
workpiece. Workability must be considered as a function of 
two factors (12):
1. The properties of the material such as crystal structure, 
grain size and shape, inclusion and second phase content, 
degree of strain hardening, etc.
2. The parameters of the deformation process such as die 
geometry, die friction and lubrication conditions, 
workpiece geometry, strain rates and temperature 
distribution.
Hence, to analyze fully the formation of defects during the 
metal deforming operations, the material properties need to 
examined as well as a detailed knowledge of the deformation 
process itself.
Since it is extremely desirable to eliminate defect 
formation in metal forming operations, and since the upper 
bound approach is an effective tool for the examination of 
process induced defects, this approach has been implemented 
within this study to determine the process conditions that
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can induce side surface cracking in a plain strain forging.
In developing the criteria for defect formation, the 
upper bound approach is used in following manner. First, a 
velocity field or several velocity fields, describing sound 
flow (i.e. flow with no defect formation) are studied. The 
upper bound on total power for each velocity field is 
determined. Then, a velocity field is assumed which 
simulates the defect mode of flow. The power required for 
flow with the defect is determined. The values of the 
independent process parameters where each solution provides 
the lowest power required are determined. The range where 
the lowest power required is for the field that describes 
the flow with defect formation indicates the conditions 
where failure is expected (4).
The most important step in defect analysis is the 
determination of the conditions that are energetically 
favorable for defective flow. Often a large number of 
velocities can be examined at one time by using a pseudo­
independent parameter in the description of the flow field. 
This parameter allows a continuous variation in the velocity 
field to occur. With the use of this type of parameter a 
single analysis can be performed, treating the pseudo­
independent parameter as if it were an independent variable. 
The values of independent variable are determined directly
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from the process geometry, machine set up, or predescribed 
boundary conditions. The values for pseudo-independent 
variables are dictated by the principle of minimum energy.
For an upper bound analysis of defective flow, the 
fracture power term as given by Avitzur (3) is,
where t = mf cr0 (0 < itif < 1)
Avn = normal component of the
velocity discontinuity, and 
r is the surface area of the crack.
The parameter itif is a measure of the adhesion or bonding 
strength of the metal. It has a value of zero for existing 
cracks. In the absence of better criteria the initiation of 
cracks can be treated by letting m^l. When fracture is 
facilitated by the separation of two regions of the 
workpiece, the normal stress experienced by the fracture 
surface is confined between no stress at all, t = 0 ,  and some 
maximum (3). The maximum resistance of the material to 
uniaxial tensile load is ac. However, in obtaining upper
(6)
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bound solutions, the state of stress is unknown. The state 
of stress in the region of potential crack formation is 
definitely not uniaxial tension. States of stress may be 
envisioned in which a stress normal to the fracture surface, 
greater than ct0, can be supported without fracture. 
Nevertheless, because of the desire to proceed with the 
treatment of fracture and the need for an upper limit, it is 
proposed in this work that the maximum tensile load 
supported by the fracture surface cannot exceed aQ.
Although the upper bound approach is an analytical tool that 
has been extensively used to examine metal forming problems, 
its use to treat fracture problems is not yet perfected.
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2.3 APPLICATION OF THE FINITE ELEMENT METHOD IN METAL 
FORMING PROCESS SIMULATION 
In general practice, a forging process consists of 
transforming a bulk material with a simple cross section to 
a complex-shaped component which is different from the 
original dimensions of the bulk material. The forging 
process can be performed at different conditions such as 
different temperatures and geometrical conditions. The 
forging process usually requires a sequence of forming 
operations to transform the simple material geometry into 
the desired part shape. In today's practice, the 
optimization of the forming sequence is an art based on 
trial and error during which various combinations of all 
variables are examined. Often, extensive and expensive die 
trials and modifications are necessary to produce a shaped 
product (13,14,15).
One of the main use of finite element method (FEM) 
simulation in the forging is to replace these trials. This 
can save time and material while providing a more organized 
understanding of the process. The FEM is a powerful 
theoretical tool for the determination of required pressure, 
stress/strain distributions and material flow patterns which 
have extreme importance to the forging manufacturer.
Due to the rapid development of computers and numerical
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methods, the FEM has been extensively used for the solution 
of metalworking process. Because of the complexity of 
material flow during metal forming, the FEM is a suitable 
tool for analyzing this kind of problem.
The concept of the FEM is one of discretization. The 
finite element model is constructed in the following manner. 
A number of finite points are identified in the domain of 
the function, and the values of the function and its 
derivatives, when appropriate, at these points are 
specified. These points are called nodal points. The 
domain of the function is represented approximately by a 
finite collection of subdomains called finite elements. The 
domain then is an assemblage of elements connected together 
appropriately on their boundaries. The function is 
approximated locally within each element by continuous 
functions which are uniquely described in terms of the nodal 
point values associated with the particular element. The 
basis of FEM metal flow modeling, using the variational 
approach, is to formulate proper functionals depending upon 
specific constitutive relations (16).
Finite element methods as applied to metal forming 
analysis can be classified into either elastic-plastic or 
rigid-viscoplastic methods, depending on the assumptions 
made with regard to the material flow behavior.
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The elastic-plastic method assumes that the material 
deformation includes a small, recoverable elastic part. It 
can give details regarding deformation loads, stresses and 
strains and residual stresses. This method has been 
successfully used to solve a variety of problems in 
elastoplasticity such as upsetting (17) and indentation. 
However, it is not economical for the solution of large 
deformation problems encountered in metalworking process.
The rigid visco-plastic method assumes that the deformation 
stresses are primarily dependent on deformation rates. 
Several programs based on the variational approach have been 
written by various researchers and have been applied to the 
same range of problems as the elastic-plastic finite element 
method (18). Although predictions regarding residual 
stresses cannot be made with the rigid-viscoplastic FEM, the 
larger steps that can be used in modeling metal forming 
procedures make the method very economical (19).
The application of the FEM have been increasingly used 
due to its applicability to a variety of metal forming 
processes. With the developments of more practical and 
reliable FEM codes, the optimization of process variables 
and die design will be economically more feasible.
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3. PURPOSE OF STUDY
This study examines the deformation of a rectangular 
prism under plain-strain conditions. Specifically, the 
process conditions which can induce a side surface defect 
are determined using the upper bound approach. Although the 
surface crack analyzed in this work, classified as /i-crack, 
has been studied for an axisymmetric (cylindrical disk 
forging) deformation process (20), the same surface defect 
has not been systematically characterized under the plain- 
strain deformation.
The main purpose of this investigation is to provide 
sufficient information for calculating the required load as 
a function of processing condition, such as material 
geometry, tooling design, and more importantly, to indicate 
process conditions which may produce a surface crack during 
the forming operation by using the upper bound method. The 
final propose of this study is to show that the finite 
element analysis can be correlated with the upper bound 
analysis.
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4. ANALYSIS OF THE PROCESS
4.1 UPPER BOUND ANALYSIS:
A representation of the forging process is shown in 
Figure 3. The center of the Cartesian coordinate system is 
fixed at the center of the workpiece. The deforming 
material is assumed to be a Mises' material with a flow 
stress of oQ. The initial shape of the workpiece is 
rectangular prism. The upper ram moves downward with a 
velocity of U/2, as the lower ram moves upward with a 
velocity of U/2. The material in the inner part of the 
rectangular prism is compressed. This material flows 
downward and outward until it crosses the surface then it 
moves in a complex fashion. After crossing surface r2 the 
material then moves upward between ram and chamber.
The inner part of the workpiece has a thickness of T. 
The outer part has a thickness H. Friction is described by 
the constant friction formulation and it is assumed to occur 
along the surfaces where the forging and the ram are in 
contact. The frictional stress is








Figure 3. Schematic representation of the forging process.
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workpiece and m is the constant friction factor which varies 
from 0 for a no friction condition to 1 for a maximum 
friction condition. Figure 4 shows the frictional surfaces 
for both sound and defect flow. In this figure, Sa, Sb, Sc 
and Sd are the fictional surfaces.
The forging is divided into three zones separated by 
surfaces of velocity discontinuity. The upper portion of 
the deforming workpiece is shown in Figure 4. Figure 4a 
shows sound flow while 4b shows defect flow. Zone I is the 
inner part of the workpiece and it is a rectangular bar with 
a width of x4. In zone I, the material is compressed. On 
the upper surface this zone moves at the ram velocity U/2. 
Zone III is the outer part of the workpiece and it is a 
rigid body with a speed of vf. Zone II is a complex-shaped 
region in which material deformation occurs. In this 
region, the material also flows in both the x and y 
directions.
The surface is fixed at xir but the position of 
surface r2 is variable depending on the value of the pseudo­
independent variable. The pseudo-independent parameter, e, 
can have either positive or negative values. Thus, the sign 
of pseudo-independent variable indicates whether or not 
failure occurs. If under a particular set of processing 
conditions, the value that e possesses is positive, then the
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material will deform as a sound forging. If the optimal 
value of e is negative, then there would be two rigid bodies 
in outer portion of the material, moving apart. This 
phenomena would happen when zone III is moving upward and 
equivalent to zone III in the lower portion of the forging 
is moving downward. When these two rigid bodies move in 
this fashion, a surface crack will be created. Therefore, 
the value can be used to determine whether or not, for a 
set of instantaneous geometric and process conditions, a 
surface crack will occur.
When e is negative, there is a relationship between its 
value and the length of the surface crack, S. Figure 4 
shows both sound and defect flow patterns. From Figure 4, 





X: x--  —  -  1
(8)
e f x i  1 -
S _ Xj xi
xi ' T €
2 Xj Xi
In the next two section both flow models will be 
discussed.
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4.1.1 Flow Pattern and Power Terms for the Sound Flow Model 
In the sound flow model, the present upper bound 
analysis divides the workpiece into three zones. With this 
divisions, there are two surfaces where velocity 
discontinuity occur. A representation of the sound flow is 
shown in Figure 5. The ram moves downward with a velocity 
of U/2. While zone III moves upward as a rigid body with a 
velocity of vf. Since deformation occurs in zones I and II, 
velocity fields must be determined for these zones.
Although the surface r2 is fixed at xif the position of r2 
surface is variable, depending on the pseudo-independent 
parameter e. While the value of e varies, the exact 
location of the r2 surface will be determined by the 
principle of minimum energy. The height of r2 surface can 
be expressed as a function of x,
' X o -  X +  e
XiX
X o "  X i X o -  X i
The process geometry, the depth of ram penetration, the 
friction conditions and the value of e will determine the 
final equation for the optimum ram pressure in the sound 
flow model. The equation can be solved to find the value of 














































independent variables. This value of e (e^) and ram 
pressure are assumed to be close to the actual ones 
prevailing under the given set of process conditions.
For sound flow, the velocity field for each zone in a 
Cartesian coordinate system is summarized below. The full 
derivation of these velocity fields is given in Appendix I.
For zone I
For zone II
U = U Xi 2 Z
x0 - x
X„ - X:
U = U x iY2 (xo - Xi) Z2\"3x






X o -  X i
= v. (12)
U = 0
By the upper bound approach, the internal power of 
deformation for a perfectly plastic material is determined 
from the following equation.
w-j; —  St.. dv2 u y (13)
where V is the volume of the material and the e^'s are the 
strain rate components.
For zone I, for a unit depth of material, the internal 
power of deformation is
(14)
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For zone II, the internal power of deformation unit depth of 
the workpiece is
y/J F pi — 2 - 1  X- (In (A + C) (B - D) )
[-fc ±  A £ Tl2x*JXi Xj 2 Xj }
(15)
where,













' T + In f-° - i]2xi







Zone III is assumed to move as a rigid body, therefore 
there is no internal power of deformation in this zone.
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There are internal shear losses along the internal 
surfaces of velocity discontinuity. These losses can be 
calculated from the following equation
where Sr is the surface of discontinuity and Av is the 
tangential velocity difference that exists along the 
surface.
For the surface rlf between zone I and zone II, the 
power to overcome the shear due to this velocity 






2 ^  1 - iL°x.
For the surface r2, between zone II and zone III, 
internal shear losses per unit depth of the workpiece due to 
this surface are
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\ = r 1 Avp-1 dx
2  x ,  o2 1 °
&
sina 1 - -£
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In e - In ' T
*i 2 Xj
X ;  2 X :
(23)
cosa f- - A
1 *-3 + 1 "* In e + In T - 1*i 2 xi ^ Xi 2 Xj
e
2  X :
where,
v = dz = 2xi xi ~5x x01 - _2 
X ;
sina =







The friction losses along the workpiece-tool interface 
can be determined from the following equation.
where m is the constant friction factor, Av is the sliding 
velocity difference between the tool and the workpiece and S 
is the interfacial surface.
The frictional power losses per unit depth of the 
workpiece along Sa, the surface between the ram and zone I, 
are
The frictional power losses per unit depth of the 





The frictional power losses per unit depth of the 
workpiece along surface Sc, the surface between the zone III 
and the chamber, are
m H £ '2X; Xi
& r_ 2 - ixi
The frictional power losses per unit depth of the 
workpiece along surface Sd, the surface between zone II and 
the chamber, are
By setting sum of all these individual power terms equal to 
the externally supplied power, the average forging pressure 
can be determined as a function of the process geometry, 
friction conditions, and the pseudo-independent parameter 
which controls the position of r2. The power consumed per 








where pavc is the averaged pressure across the face of the 
ram.
The upper bound on power is 
J * = W; + W5 + W„ + VL + Wf + Wf + Wf + Wf
*i *n Sr1 ^  r.  rb « rd
(33)U= _  X; P,vr 2 i avc
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(35)
where x0/xi# T/2xif and H/2Xj are geometrical parameters, m is 
the constant friction factor and €/x{ is a pseudo­
independent parameter.
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4.1.2 Flow Pattern and Power Terms for Defect Flow
Figure 6 shows the flow pattern for the model for 
defect formation. The equations which are presented in this 
section are derived for a flow pattern which is similar to 
the sound flow pattern in the previous section. The full 
derivation of the defect flow equations is presented in 
Appendix II.
For the defect flow patten the upper ram moves downward 
with a velocity of U/2. Zone III moves upward as a rigid 
body with a velocity of vf. Velocity fields must be 
determined for zone I and zone II, where the material is 
being deformed. The surface Tj is fixed at xs. The surface 
r2 between zone II and zone III is linear but its location 
is variable, dependent on pseudo-independent parameter, S. 
The exact position of r2 as determined by the value of € 
size will be determined from the principle of minimum 
energy. The value of S also provides the size of crack 
which is being produced during this deformation process.
The location of the r2 surface, Z(x), can be expressed as a 
















































The final equation for ram pressure will be a function 
of process geometry, depth of ram penetration, friction and 
the value of S. The equation can be solved by using an 
optimization technique to find the value of 6^ which gives 
the lowest ram pressure for the chosen set of independent 
variables.
The value of € (6^) and ram pressure are assumed to be 
the actual ones prevailing under the given set of 
conditions.
For the defect flow model, the velocity field in 
Cartesian coordinates is shown in Figure 6. The velocity in 
each zone is as follows.
For zone I,
This is the same velocity as for the sound flow zone I. 
For zone II,
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U, U Xj xQ - x - S 'x 2 Z XQ - Xj - S
U (X„ - X - «)| (38)
Uz = 0
When Eq. (3 6) for Z is substituted into this equation the 
resulting velocity components are
Since this velocity field has no dependence on the 
coordinate position, it is a field for rigid body motion. 







The internal power per unit depth of the workpiece for zone 
I is the same as for the sound flow model which is
all strain rates are zero for this zone, therefore, the 
internal power of deformation for this zone is
Zone III is assumed to move as a rigid body, therefore there 
is no internal power of deformation in this zone.
There are internal shear power losses along the 
surfaces of velocity discontinuity. For the surface rlf 
between zone I and zone II, the shear power losses per unit 
depth of the workpiece are
(41)
In zone II, since Ux is a constant value and Uy=0 is zero
W. = 0*n (41)
T
(43)
For the surface r2, between zone II and zone III, the shear 
power losses per unit depth of the workpiece are
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VL = -H X: O.2̂ 2
1 x° . s
xi xi
- i cos a
2X;
+ s m a (44)
where,
v = az = A  (45)
"5x ! _ x, _ s_
Xi Xi
V (46)s m a  = —  ' '
>/v2 + 1 
1cos a = -- —  (47)
y/v2 + 1
The fictional power losses per unit depth of the 
workpiece along Sa, the surface between the ram and zone I 
are the same as for the sound flow analysis. These power 
losses are
W f. = ? (48)
2 v 3 —  v 2x;















xn ] __2 + 1 
Xi
The frictional power losses along Sc, between zone III and 
the chamber are
m H
W, = 2X; (50)
X; AX: - 1
For this defect flow model, there is an additional power to 
account for crack formation which is
Wcp = -H X, a
O m &2 mf ■X;
Ai - A  - iX: X-
(51)
The derivation of these power terms is given in Appendix II 
The upper bound on the power is
J * = W- + W5 + VL + W- +Wf + Wf + Wf + W™,>i *n sr, *r2 *b (52)
=  |  X i Pave
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(53)
where pave is the average ram pressure.
By equating this equation to the sum of the internal 
power of deformation, internal shear power losses and the 
frictional power losses, it can be seen that the relative 
average ram pressure is a function of process parameters.
ave _= / :° T H ™ m £ S , m , f, & —X; ' 2  X: 2 X :
(54)
This equation shows that the forging pressure is a function 
of processes geometry, the frictional conditions, the 
bonding parameter, and the pseudo-independent parameter, S.
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4.2 FINITE ELEMENT ANALYSIS
The finite element modeling (FEM) program, called 
NIKE2D is used in this investigation. NIKE2D is a fully 
vectorized, implicit, finite deformation, large strain, 
finite element code for analyzing the response of two- 
dimensional axisymmetric, plane strain, and plane stress 
solids (21). This FEM code has been developed at the 
Lawrence Livermore National Laboratory under the sponsorship 
of the U.S. Department of Energy. For pre-processing, MAZE 
(22) which is an interactive program has been developed as 
an input generator for NIKE2D. ORION (23) is the 
interactive post-processor for NIKE2D which produces 
graphical output of results. It reads a group of binary 
plot files that NIKE2D generates and plots contours, time 
histories, and deformed shapes.
For the forging process examined in this work the 
initial FEM meshes for the workpiece and the tooling are 
shown in Figure 7a. The workpiece is modeled with square 
elements in the inner and the outer sections and with 
rectangular elements in the intermediate section. This 
variation in mesh size and shape is used to obtain a stable 
grid even when severe deformation has occurred. The rams 
and the chamber are modeled with square elements. Different 







































determine the effect of tooling geometry on the flow pattern 
and defect formation.
The material properties which are assumed for the FEM 
analysis consist of elastic behavior for the upper ram, 
lower ram and chamber and elastic-plastic behavior for the 
workpiece. The data which describe the material properties 
of billet closely match the basic assumption used in upper 
bound analysis where the workpiece is assumed to be a 
perfectly plastic material. The specific material 
properties used in this present FEM analysis are given in 
Table 1.
The frictional conditions are a very important 
consideration for the finite element simulation of metal 
forming operations. NIKE2D code uses the Columbic friction 
coefficient (/x) model instead of constant friction factor 
(m) model used in the upper bound analysis. This friction 
model difference can lead to discrepancies between the 
results from the two analyses.
The frictional interfaces which are assumed in present 
FEM analysis are:
1. top surface of workpiece - bottom surface of ram
2. top surface of workpiece - outside surface of ram
3. outside surface of workpiece - surface of chamber








































These are the surfaces for frictional interaction for the 
upper quarter of the forging. Due to the symmetry of the 
process analogous frictional surfaces occur in the other 
three quarters of the process.
Although NIKE2D is a powerful tool for the simulation of 
metal forming operations, it cannot generate defects which 
may occur during metal forming operation. Consequently, a 
special approach needs to be performed for the examination 
of crack formation with NIKE2D finite element code. Since 
the jLt-crack on the side surface of the workpiece is produced 
by the establishment of a tensile stress in the y-direction 
in the mid-thickness of workpiece, the workpiece will be 
divided into two half thicknesses. One half thickness will 
represent the upper portion of the workpiece and the other 
represent the lower portion. It will be assumed initially 
that these two half thicknesses will have no cohesive force 
at the boundary.
When the upper and lower rams penetrate into the 
workpiece, the two workpieces may separate at the side 
surface and produce a crack-like feature in deformed FEM 
grid. Although this technique will involve some discrepancy 
with the actual full size workpiece, it clearly reflects the 
stress established in the area of interest which is 
responsible for formation of a surface crack.
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5. RESULTS AND DISCUSSION
5.1 UPPER BOUND ANALYSIS
In this section, the characteristics of both the sound 
and the defect flow patterns will be presented for the upper 
bound analysis. Results from the sound flow will be 
compared to the defect flow results. These results will 
allow the development of a criteria for the prevention of 
side surface crack which is of main interest in this study.
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5.1.1 Process Analysis and Characteristics for the Sound 
Flow Pattern 
For sound flow pattern, the pseudo-independent 
parameter, e, needs to be determined by the principle of 
minimum energy. Figure 8 shows the relative ram pressure as 
a function of e/Xj. This is a graphical representation of 
Eq. (34) which is described in section 4.1.1. The optimum 
value of e is the one at which the ram pressure is a minimum 
under the given set of process conditions. The process 
conditions for this figure are a relative billet to ram 
width (x^Xj) of 2.5, a relative billet thickness (T/2Xj) of 
0.25, a relative product height (H/2Xi) of 1.0 and a 
friction factor (m) of 0.2. In this figure the optimum e/X; 
is 0.22 for these process conditions. Figure 8 shows the 
relative internal power of deformation in the two 
deformation zones and the relative shear power losses along 
the two surfaces of velocity discontinuity. These terms are 
determined from Eqns. (14), (15), (22), and (23). They are 
made dimensionless by dividing the value in each equation by 
UXiCio/2. The relative friction power losses for these 
process conditions are shown in Figure 9. Figures 8 and 9 
show the dependency of each of the individual power terms on 
e/Xj. The value of optimum e/Xj will vary both the geometric 
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Figure 8. Relative average ram pressure as a function of 
c/xi for sound flow.
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Figure 9. Relative friction power losses as a function of 
e/xi for sound flow.
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The effects of x0/Xi and friction on the relative 
average ram pressure, are shown in Figure 10. When m is 
zero, only the internal shear power losses and the internal 
powers of deformation contribute to the total required 
power. The ram pressure increases slightly at large values 
of x0/Xi due to the increase in internal power of 
deformation. When friction is present, the frictional power 
losses tend to dominate the process particularly at small 
values of x0/Xj where the relative contact area between the 
workpiece and tooling is quite large.
The change in relative average ram pressure as a 
function x0/Xj for various values of T/2Xj is shown in Figure 
11, the ram pressure decreases with decreasing values of 
x0/Xi until a minimum value is reached and then it increases. 
The dramatic raise in optimum ram pressure at low values of 
x0/Xi is due to the significant increase in frictional power 
losses in this region. Therefore, an increase in ram 
pressure is expected and this increase is larger for lower 
values of T/2Xj.
The effect of friction with varying geometry is shown 
by comparing Figure 12 and Figure 13. It is observed that 
in all cases the pressure required to forge the material 
when the friction is present is always greater than that 
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for very low values of friction, these two figures also 
illustrate how the pressure changes as the workpiece becomes
thinner during forging. As the ram penetrates further into
the material, the ram pressure required for the forging 
dramatically increases. In the open die forging of 
cylindrical billets, the same kind of trend is observed 
(20). This dramatic rise in required forging pressure is 
often termed as ”thin disk effect”. The thin disk effect 
occurs because the ratio of surface area of the
tool/workpiece interface to the volume of material has
greatly increased. Therefore, the surface friction effects 
tend to dominate the process rather than the internal power 
of deformation and internal shear power losses. The 
internal power of deformation is strongly dependent upon the 
volume of material being deformed and the internal shear 
power losses depend on the area of the surfaces of velocity 
discontinuity which becomes smaller as the amount of 
deformation increases. It should be noted that the material 
being deformed in this study is a Mises' material, hence the 
trends which are shown in Figure 12 and 13 are due to the 
process not the strain hardening of workpiece.
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5.1.2 Analysis of Defect Formation
In the previous section only sound flow was examined. 
For this case only positive values for the pseudo­
independent parameter e where used. In the actual forging 
process either the e parameter which is used for sound flow 
analysis or the S parameter which describes the crack size 
can be the pseudo-independent parameter for the position of 
the r2 surface on the chamber wall. Either parameter could 
be used as a single pseudo-independent variable for both 
sound and defect flow and would yield the same results. In 
this section the process conditions which cause the defect 
flow to be energetically favorable will be examined.
Figure 14 shows the individual power terms and relative 
average ram pressure as a function of pseudo-independent 
parameter, e/x*, for both the sound and defect flow 
patterns. To plot the relative ram pressure on the right 
side of this plot (i.e. e/x^O.O), Eq. (34) which was 
developed from sound flow pattern is used. Eq. (53) is used 
to generate the left side of this graph for the condition of 
e/Xj<0.0 which is the defect flow pattern as developed in 
Section 4.1.2. The geometry for this example has the 
relative width of the tooling to the billet, xQ/xif equal to 
1.8, the relative thickness, T/2Xi, equal to 0.25, the 
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Figure 14. Relative average ram pressure as a function of
the relative flow parameter, c/xi, for both sound 
flow and defect flow.
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equal to 0.0 and the bonding parameter nif, equal to 0.2.
Each of the relative power terms contributes to the 
total power and determines the shape of relative average 
pressure curve. The continuity from sound flow region to 
the defect flow region for each one of the power terms as 
well as the continuity in the relative average pressure 
curve is seen in Figure 14, The continuity of each line 
through the value of e/x— 0.0 implies a consistency of the 
sound flow and defect flow fields. The left side of this 
graph incorporates the power contribution due to crack 
formation. To determine whether sound flow or defect flow 
will be dominant under these process conditions, the optimal 
value of e/Xj needs to be determined. As seen in Figure 14, 
local minima for the relative average pressure exist both in 
the sound flow region and defective flow region. Under 
particular set of processing conditions which were used to 
generate this graph, the negative c/Xj (i.e. defect flow) 
minimum has a lower ram pressure than the positive e/Xj 
(i.e. sound flow) minimum. Hence, there is a danger of 
surface crack formation since it is energetically favorable 
as compared to sound flow.
The significant role of the crack formation power, ftcp, 
can also be seen in Figure 14. This term becomes 
progressively larger as e/x* becomes more negative since the
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size of the resulting crack which is formed increases. If 
the power for crack formation is not considered in defect 
flow, then the total power for defective flow would be 
continuously decreasing as e/x* becomes more negative. This 
would predict that a defect would always occur for all 
processing conditions which is unrealistic. The effect of 
itif on the relative average ram pressure is shown in Figures 
15-17 for varying relative thickness (T/2Xi) , constant 
tooling geometry and friction. In the negative c/Xj domains 
the relative average ram pressure significantly increases 
with increasing values for the bonding value, xtif, and 
decreasing values of the relative thickness (T/2Xj) . The 
bonding value (itif) does not have any effect on the sound 
flow pattern since the crack formation power term is zero 
for this flow model.
With a standard optimizing routine (24), the optimal 
values of the relative flow parameter, e/xif were computed 
for both the sound and defect domains. The two relative ram 
pressures for these local minima determined from these 
calculations, are compared in Figure 18-21 as a function of 
relative thickness and friction for different x0/Xj values.
In Figures 18 and 19, the defect flow pattern is 
energetically more favorable than the sound flow pattern.
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global minimum average ram pressure in the negative c/X; 
domain indicating the favorability of crack formation. It 
can be argued that for a given set of process conditions, a 
workpiece with a T/2Xj less than the critical value will 
develop a surface crack since it is energetically favorable 
to do so. There is a larger danger of surface jLt-crack 
formation in forging with low values of T/2Xj (i.e. small 
thickness).
Figures 20 and 21 also present the change in minimum 
average ram pressure in both e/Xj domains with an increased 
friction value as compared to Figures 18 and 19. By 
comparing Figures 18 and 19 to Figures 20 and 21, it is seen 
that for low friction, the danger of surface crack is 
present but, for higher friction the region of defect 
formation decreases. In Figures 20 and 21, sound flow is 
energetically more favorable for all T/2Xj values. This 
shows that higher friction values are helpful in suppressing 
the side surface cracks. The effect of increased friction 
hindering the formation of defects has been reported by 
several investigators (20, 25, 26) for other metal forming 
processes.
T-4154 76
5.1.3 Criteria for Defect Prevention
To develop the criteria for the prevention of side- 
surface cracking (/x-crack) in plain-strain forging, a 
conservative approach is used in this study. The criteria 
are summary plots of all the critical points where there is 
a possibility of defect formation. The criteria curves are 
presented in Figures 22-24 for various friction and bonding 
parameter values. The relative ram width is plotted on the 
abscissa and the relative thickness of workpiece is plotted 
on the ordinate. Figures 22-24 show the domains where sound 
flow is expected (labeled "safe” in the figures) and the 
domains where a defect flow is possible. The way to avoid a 
side surface cracking in plain-strain forging would be to 
operate the forging process in such a manner that the 
independent process parameters would yield a point in the 
safe region of these figures.
All the criteria curves show that increasing friction 
decreases the danger zone. At higher friction conditions 
with constant tooling (i.e. fixed value of x0/Xi) the 
workpiece can be forged to smaller thicknesses (i.e. smaller 
T/2Xj values) without the danger of surface cracking.
These criteria curves can be used to decide what 
variations in the process conditions need to be performed, 
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Figure 24. Criteria curves for crack formation at mf = 1.0.
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cracking. For example, for a fixed center thickness (T/2X;) 
by choosing smaller xc/x{ values (e.g. larger ram width), the 
process could move from the danger region to the safe region 
and the potential for a surface crack is avoided. The 
process criteria curves also show the effect of the bonding 
parameter. As expected, when the adhesion strength of 
material increases, the danger zone becomes smaller.
If it is assumed that a small pre-existing crack or 
defect on the surface of the billet causes a decrease in the 
bonding parameter 1%, then the criteria curves imply that 
presence of a small surface crack or small flaw in the 
workpiece before the forging begins would lead to the 
formation of a crack during the actual forging operation 
(20). It should be noted that these criteria curves were 
generated for the condition when the defect flow pattern has 
a local minimum for a negative e/X;. Therefore, these 
criteria curves should be considered to indicate the regions 
of definite safe behavior and the regions of potential or 
possible but not absolute crack formation. The possibility 
for crack formation exists whether or not the crack actually 
forms. It can be discussed based on the relative average 
ram pressure versus e/x* curves as presented Figure 14, that 
if the workpiece is in an energy state that corresponds to 
the minimum pressure on the positive e/Xj curve, then the
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material must overcome an energy barrier before the 
workpiece falls into the energy state minimum that is on the 
negative e/Xj side of this curve. If the processing 
parameters happen to be in danger region, then the chance of 
surface cracking is presented but it is not guaranteed to 
occur.
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5.2 FINITE ELEMENT ANALYSIS
In this section, the FEM results are presented and 
discussed. These results are used to provide a validation 
for the upper bound analysis which has been presented in 
previous sections. The surface cracks obtained in FEM 
analysis show good agreement with the trends developed 
through the upper bound analysis.
The crack size (S/x,) - displacement (T/2Xi) curve as 
predicted by upper bound analysis are compared to the one 
predicted from FEM analysis. Although this comparison shows 
a reasonable agreement with the trends of both methods, 
quantitatively, there are differences between the two 
methods. Figures 25 and 26 show that the data points 
calculated from FEM are higher than the data points 
developed by upper bound. The upper bound approach provides 
a method for obtaining a continuous solution to the metal 
forming problem while the FEM is an incremental process 
which uses sets of nodes and elements in order to simulate 
the process conditions. Another reason for the discrepancy 
could be the assumption of no cohesion or definition of 
sliding between two workpieces. Consequently, some 
scattered data were obtained from the FEM analysis.
The use of the two half workpiece model is also used to 
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upper bound approach. As it is seen in Figure 27, the 
trends exhibited by the criteria curves are confirmed by the 
FEM analysis and show a positive correlation. Figure 28 
shows through the distorted grid how the crack size is 
affected by the change in tooling geometry for the same 
amount of deformation. For this FEM analysis the half width 
of rectangular prism, x0 and initial half thickness of 
rectangular prism, H/2 are constant but the width of ram, Xj 
varies from 0.40 to 0.55 in the steps of 0.05. Figure 28 
indicates that the cracking potential decreases with 
increasing X; (i.e. decreasing x0/Xj) and after a critical 
value of x}, it disappears. Thus, as it is mentioned in 
Section 5.1.3, by choosing smaller xQ/Xi (e.g. a larger ram 
width), the process could move from the danger region to the 
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Figure 27. The process conditions where a side-surface crack 
































































1. An upper bound solution for the formation of side surface 
/4-cracks in a plain-strain forging has been obtained.
2. Under certain process conditions, the upper bound 
analysis showed that both the sound flow and the defect 
flow models have a local minimum for the relative average 
ram pressure.
3. Increases in the workpiece to the ram width ratio 
(x0/Xi) , decreases in the relative thickness of the
workpiece (T/2XJ , decreases in friction (m), and 
decreases in the bonding parameter (nif) increase the 
possibility of the surface crack formation.
4. Finite element analysis using NIKE2D shows good agreement 
with the trends developed by upper bound analysis.
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APPENDIX I. Calculation of Upper Bound Power 
for the Sound Flow Model.
In the sound flow model, the workpiece is divided into 
three zones. With this division, there are two surfaces of 
velocity discontinuty (see Figure 5). The upper ram moves
downward with a velocity of U/2. Zone III moves upward as a
rigid body with a velocity of vf. Due to the fact that the 
deformation occurs in zone I and zone II, a velocity field 
must be determined for these zones. The position of the 
surface Tj is fixed at X;. The surface r2 between zone II 
and zone III is assumed linear but its location is variable 
depending on the pseudo-independet parameter e. While the 
value of e varies, the exact location of r2 will be 
determined by the principle of minimum free energy. The 
location of the r2 surface, Z(x), can be expressed as a
function of x. This function is
' Xo - X ' + E ' X - Xj
x o ' Xi. Xo ~ Xi
The process geometry, the depth of ram penetration, 
friction and the value of e will determine the final 
equation for the optimum ram pressure in the sound flow
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model. The equation can be numerically solved to find 
minimum ram pressure for a given set of process prameters.
The velocity field in rectangular (Cartesian) 
coordinates can be represented by the following equations.
From a material balance in zone I, the material into the 
control volume is
and the material out of the control volume is
The material into the control volume must be equal the 
material out of the control volume. Therefore,
(1.2)
U. (1.4)X





















To obtain the volume constancy, the sum of the principle 
srain rates must be zero. For plain strain, it can be 
defined as
+ = ° (i.e)
fiyy “ “fixx










Uy - Uy|y=0 = Joy £xx dy (1.8)
U = - —  y  y ip *
In summary, the velocity field for zone I is




For zone II, a material balance also needs to be performed 
The material into the control volume is
= U . U  |  At 
z (1.10)
= —  X: At
and the material out of the control volume is
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To determine the vf, the total material balance for the 
process is used. The material into the deformation zone is
= -H X, At (1.12)2 1
and the total material out of the deformation zone is
= vf (xQ - Xj) At (1.13)
Hence,
V f = E  _____  (1.14)f 2 (x0 - X;)
Using Eq. (1.14) in Eq. (1.11) and balancing the material 
into and out of zone II yields:
= U _ U xi <x " xi> (1.15)
2 Z 2 (X0 - Xj) Z
u X  - X
2 Z x0 ~ ^
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2 (Xj - X c) Z2
6 X: IQ 2
2 (X; - x0) Z2\"3x 
U x, y L dzl
4 (X„ - Xj) Z3 L
(z -  - l i  <x° -  x>)
(X - xc) - Z 
dZ
"35E (X - xj - Z1 + Z - 0  (xc - x)]
(1.16)






X o -  X i
u Xj y (dz 
2 (xc - Xj) Z2 USE (x - xj - Z
(1.17)
U = 0
For zone III, since it is a rigid body the strain 
rates are
6xx = = 0 (1.18)
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The velocity fields can be summarized as
U = 0X
(1.19)
Since the upper bound power is the sum of internal 
power of deformation, the shear power losses due to the 
internal surfaces of velocity discontinutiy and frictional 
power losses, these power terms must be computed.
By the upper bound approach, the internal power of the 
deformation is given by




The internal power of deformation for zone I is 
** - 1
2o, ^ dVc xx -=■ c yy c xy u v
2 g o
1/3




W; = —  X: O■I, 2  ' “ 1 ”° /—  (1.22)V3
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For zone II,
1 Pz P x. 2 ct0 ,pi p , p z u
■ J. J. J„ -7T
U X:
+ 1  
2
U X;
2 (Xi - xc) Z
2 (Xj - x0) Z2
az
z ♦ -g (X0 - X)
2 \~5x (x - xj - Z (1.23)
U Xi y
4 (xG - Xi) Z
* z j g  <*.-*) dx dy dz
Hence,
\j3 F
- 1X: [ In (A + C) (B - D) ]




A = 1 +
€
x] 2X;
^  - 1  
X :
\2
B = In € + In IX — 2 - 1xi
C =
X ;  2 X ;
f t
xn
— 2 - 1
X ;
D = In ' T + In &  -il2 xi Xi
F = 2
X ;  2 X ;
(1.25)
Zone III is assumed to move as a rigid body, therefore 
there is no internal power of deformation in this zone.
There are internal shear losses along the surfaces of 
velocity discontinuity. These losses can be calculated by
Ws = I* —  | Av| dS (1.26)
•'Sr yfj
where Sr is the surface between the two regions and Av is
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the tangential velocity difference that exists along the 
surfaces.
For the surface rlf between zone I and zone II, the 
velocity discontinuity is
at x=x{ and Z = T/2
(1.28)
Then
1 - - _£ (1.29)2 Xj Xj Xj
o
X:
For the surface r2, between zone II and zone III, the 
velocity discontinuity is
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AVt, = Uv sin a - Uv sin a - Uv cos aI fn *n
u
2 X„ - X-




X o ~  X i
cos a
where a is the angle between the V2 surface and the 
horizantal axis.
Therefore,

















v _ dZ = 2Xj ^
^  " 1
xi
V (1.32)
sina =  -------\Jv2 + l
cosa = - —
\/v2 + 1
The friction power losses along a workpiece and tool 
interface can be expressed by
m <jc
' • 7 T
Wf = Js Z"° I AvI dS (1.33)
where m is the constant friction factor and Av is velocity 
differences between the tool and the work piece and S is the 
interfacial surface.
The velocity difference between zone II and the die is
Av = U |  t I *i1 y= -j
(1.34)
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Therefore, the frictional power losses along surface Sa are
Wf = JQXi I Av | dx
& (1.35)
V 2X;
The tangential velocity differece along Sb, between the 
ram and zone III is
Av = I Uv I _ - R• ym *x=x. 2
(1.36)U 2 Xj - xo .
Therefore, the frictional power losses along surface Sb are
J;
m a 7 |Av | dy
V3 "2
m r2 - —  
xi
H _ T
2 Xj 2 Xj
1- 2 - 1xi
(1.37)
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The tangential velocity differece along surface Sc, 
between the zone III and the chamber is
Av = | vf |
i U  x i (1.38)
2 X„ - X,
Therefore, the frictional power losses along surface Sc are







& 'Xo _ Xi 1
(1.39)
The velocity difference, between zone II and the chamber is
Av = |Oyn - 0 |
_i U X; y
(1.40)
2 S (X„ - Xj)
Therefore, the frictional power losses along surface Sd are
The upper bound on the power is
J * = Wj + W- + W« + W, +Wf + Wf + Wf + Wf
>i *n *r, *r2 r. rb *c r<i (1.42)
*  XiP 2 1
The normalized average ram pressure is
“  ave _
o7
j *
—  Xi 2 1 £
(1.43)
where paV6 is the average ram pressure.
By equating this equation to the sum of the internal powers 
of deformation, internal shear power loses and the 
frictional power loses, it can be demonstrated that the 




x o T H 
X: ' 2 X: ' 2 X: fin, & .1 x:
108
(1.44)
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2
VT f I xi X ;
- 1
MS- inf T 1 ±  A € T12X‘\ Xi 2 Xi
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T fl X°1 e2X; 1 xi xi
2\[2 1 - -Xo'
xi
yfJ \/v2 + 1
-V 1 - -1 In 6 - In ' TX: Xi 2X:1
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X :  2 X :
x0 1 - 1
1
1-3 + 1 * In € + In [ T 11 - 1
xi to j* X Xi 2  Xj
2X;
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APPENDIX II. Calculation of Upper Bound Power
for the Defect Flow Model.
The equations which appear in this section are derived 
for a flow pattern which is similar to the one used for 
sound flow in Appendix I. For the defect flow pattern, the 
upper ram moves downward with a velocity of U/2. Zone III 
moves upward as a rigid body with a velocity of vf ( see
Figure 6). A velocity field must be derived for zone I and
zone II, where the material being deformed. The position of 
the surface Tj is fixed at X;. The surface r2 between zone I 
and zone III is assumed to be linear for defect flow but its 
location is variable depending on the pseudo-independent 
parameter S. The value which S possesses, and thus the 
exact location of r2 as well as the crack size will be 
determined by the principle of minimum free energy. The 
location of the r2 surface, Z(x), can be expressed as a 
function of x.
The final equation for the ram pressure will be a 
function of process geometry, the depth of ram penetration,
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friction and the value of S. The equation can be 
numerically solved to find minimum average ram pressure for 
a given set of process parameters.
For defect flow model, the velocity fields in 
rectangular (Cartesian) coordinates can be represented by 
the following equations.
From a material balance in zone I, the material into the 
control volume is
and material out of the control volume is
The material into the control volume must be equal the 






















To obtain volume constancy, the sum of the principal strain 
rates must be zero. For plain strain, it can be defined as
«xx - «yy = 0
S yy £ xx
(2.6)






To calculate the Uy, en is integrated
U, - 6,1 y.o = J0y dy (2.8)
U = - E yy fp1
In summary, velocity field for zone I is
UY = * xX T
UIIo' " t y
U2 = 0
For zone II, a material balance also needs to be performed 
The material into the control volume is
= Ullx-x ~  At2 (2.10)
= E  x, At
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and the material out of the control volume is
= Ux |n Z At + vf (x - Xj) At
(2.11)
To determine the vf, a material balance for the entire 
process must be performed. The total material into the 
deformation region is
U x; At (2.12)
and the total material out of the deformation region is
= vf (xc - Xj) At
U xi
Vf 2 (x0 - xt - S)
(2.13)
therefore,
Ux In u Xi - \T (x - xi)2 Z vf z
U Xi u xi (x -
2 z ~2 (xo - Xj -6)  z
U xi - x - S'
~2 z Xo -  Xj *
(2.14)
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From volume constancy, the strain rates for zone II are




since Ux is constant in zone II.





x„ - x - S
*o " xi - 6
u xi y
2 (xo - Xj -6) Z Z -
dz (X - x - S) (2.16)
U = 0
When the substitution of Eq. (2.1) for Z is made with Eq.
(2.16) the velocity reduces to:




For zone III, the strain rates are
«» = «zy = 0 (2.18)
The velocity field can be summarized as,
u = 0X
o, = 1 x iy 2 X0 - Xj
oitN•E>
The internal power of deformation for zone I is
Wi, = J ^ F? + F? dV-=■ xx -=■ c yy T  c xy u v
_ r 1 r -2  r xi 2a0
J o  J o  J o








For zone II, the internal power of deformation is
i P x - «  r z 2cr, +  d x  d z (2.22)
Since Ux is constant, Uy=0 and all strain rates are zero, 
hence, internal power of deformation for this zone is
Zone III is assumed to move as a rigid body, therefore 
there is no internal power of deformation in this zone.
There are internal shear losses along the surfaces of 
velocity discontinuity. For the surface Tj, between zone I 
and zone II, the velocity discontinuity is
(2.23)
(2.24)
yn I x = x,
at x=X; and Z = T/2
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| Av: Ur, (2.25)
Thus,
= —  f7 | Avr | dy* ^ J o





For the surface r2/ between zone II and zone III, the 
velocity discontinuity is
Avr = Uv sina - UY sin a - U cos aJm *n
X;u
2 X„ - X: - S
U Xisina + 0 + ---2 Z
x_ — x — 6
x„ - Xj - S
(2.27)
cos a









s /v 2 + 1  
1
\/v2 + 1
The frictional power losses along Sa, between the ram 
and zone I can be determined from Eq. (1.33). The velocity 
difference between zone II and the die is
Av = I U I T - 0 I I My-T I
Therefore, the frictional power losses along surface Sa are 
where m is the constant friction power.
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Wf = I** | Av | dx
‘ J° V (2.31)
U Xi ac ___-
2 1 ° 2 f i J Lv 2 X-
The velocity difference along Sb, between the ram and 
zone III is
Av = Uyffl 1 x=x. 2
U 2 Xi - xc + S 
2 x„ — X- — 6
(2.32)
Therefore, the frictional power losses along Sb are
ID (7_ p "w , -W,, = | Av | dy
V3 "2












X - + 1i
The velocity difference along surface Sc/ between the 
zone III and the chamber is
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Xn - X: - 6
(2.34)
Therefore, the frictional power losses along Sc/ are









In defect flow, there is an additional power losses 
for crack formation and this can be derived as
WCF = Jr T I Avn I ds (1.36)
where Avn is the difference in the normal velocities of the 
two zones forming the crack. In the process under 
consideration zone III is moving upward with a velocity vf 
and a symmetric zone is moving downward with a similar 
velocity. The stress r is the normal stress on the crack
T-4154 122
and in this case is assumed to be m* aQ where 1% is a bonding 
parameter and o0 is the flow strength of the workpiece.
Hence,
« c f  = f %  a o |Av„| ds
(2.37)
dx dz= j: j:. m „ u 0IDf CT —  28 f 0 2 Xix„ — 6 — X;
Therefore,
2 m,
CF —  Xi °o 2 1 0
Xj
X; - _  - 1 Xi
(2.38)
The upper bound on the power is
J * = W; + Wj + + W.
*i *n ^r, *r2
+ wfi + w,, + wfc + wCF (2.39)
U= _  x p 2  1 ^ave






R Xi 2 1
(2.40)
where pavc is the average ram pressure.
By equating this equation to the sum of the internal 
powers of deformation, internal shear power losses and the 
frictional power losses, it can be that the relative average 
ram pressure is a function of process parameters.
= f o 2 X;
H _ __ r 6 - # in« fflf • & ■■■2 X: ' X:
(2.41)
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2 X ;
JT 2 yfz y/J\/v2 + 1 X;
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x._2 - JL - 1x i
2 mf —X:
_ S_ _ 1 
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